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ISO(3, 1) Gauge Theory of Gravity

Shao Changgui’ and Xu Bangging®
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We establish a Poincaré affine frame bundle, give the operation of gauge group
IS0(3, 1) on the fiber bundle, obtain the action of the Poincaré gauge theory of
gravity, and advance two sets of gravitational gauge field equations of the theory.
We discuss some special cases of the theory.

1. POINCARE AFFINE FRAME BUNDLE

Denote the spacetime manifold by M, the Minkowski space by M'.
Let ISO(3, 1) be the inhomogeneous special orthogonal group of a metric
of three spacelike and one timelike dimensions. Since M possesses local
ISO(3, 1) invariance, then Vx € M, there exists a set of local Poincaré affine
frames {A, ;}(x). The union

P(M, ISO(3,1))= U {A e}  forall xeM
xeM
is the Poincaré affine frame bundle (Kobayashi and Nomizu, 1963). Here
A=(A"), i=0,1,2,3, is a point in M/, the tangent space of M at xe M:

T.(M)= M. The {¢;} is a local Lorentz moving frame on M.
If A is an element of group ISO(3, 1), we may write the element A as

o 9

£=(8YeM, a=(a)eS0(,1)

where
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Then Yu e P(M, ISO(3, 1)), we may denote u by (x, A). Choose the action
of group ISO(3, 1) on the Poincaré affine frame {A, ¢;} as the right action.
If Be ISO(3, 1), the right action can be defined as

u'=uB, u'=(x, AB)
Here

u, u'= P(M, ISO(3, 1))

B= (b ;’) e ISO(3,1)

_(a &\(b m\ _(ab ant¢
ao=(® O )=(% ) erony

2. ACTION OF ISO(3,1) GAUGE THEORY OF GRAVITY

Let us denote the generators of the group ISO(3, 1) by {Ly, P}, where
L; are the generators of the group SO(3,1) and Py are the generators of
the space-time translation group. For any u = (x, a)e P(M, ISO(3, 1)), we
denote the tangent space of P(M, ISO(3,1)) at u by T,,(P(M, ISO(3,1)));
then on the bundle space P(M, ISO(3,1))

{Dp.’ Lij; Pk} (1)
is a noncoordinate basis in T,(P(M, ISO(3,1))). Here
D,=8,-3B(x)IL;~V(x)pP. (4, i=0,1,2,3)

where B(x)} are the coefficients of the Lorentz connection and V(x)ﬁ are
the Lorentz vierbein fields.
From the commutation relation [ D,,, D, ] we cari obtain the expression

[Dy., Dv] = _%FZVLI_] - Q:.(LVPIC

where
Fi,=0,BY+BiyBY —(nov)

is the curvature tensor of M and is defined in the moving frame, and
Qi =0,V,+ B Vi, —(uov)

is the torsion tensor of M and is defined in the same frame as above.

In the Poincaré gauge theory of gravity (PGTG), both B(x)’ and
V(x)k are gauge potentials, and consequently both FY, and Qj, are gauge
field strengths.
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We now define a metric on bundle space P{M, ISO(3, 1)) as follows:
G =(eu €)= 8.
Gyu= (sz Ly)= 8ij i
Gy =({eu, Ly)=0
G..=(e, P)=0

Here g,, = VL Vin, is the metric on M and in the natural frame {e,},
ny =diag(1, —1, =1, —1), and gy =4C%.Cho is the Cartan metric on
the group SO(3, 1), where CH2, are structure constants of the gauge group
S0(3,1).
If on the bundle space P(M, ISO(3, 1)), {dx, BY, *} is a dual basis of
{D, Ly, P}, then the square of the line element on P(M, ISO(3,1)) is

ds*=g,, dx” dx"+1g; ,B"® B¥ + 7,,,0" ® 6",

(2)

where BY=BY dx* is the Lorentz connection form on the bundle
P(M, ISO(3, 1)), and 9*= Vﬁ dx* is the translation connection form on
the bundle P(M, ISO(3, 1)).

On the bundle space P(M, ISO(3.1)), defining the connection and
calculating the curvature basis (1) and the metric (2), one finds the following
curvature scalar:

R =R+ Rysos1)— $FuF*% —5Q,, 08" 3)

where R is the Einstein curvature scalar of M, R150(3 1y is the curvature
scalar of group ISO(3, 1) (arbitrary constant); — F,L,,,'F‘“” is the curvature
kinetic energy term of the gauge fields; and Q% v QFE” is the torsion kinetic
energy term of the gauge fields. Thus the action of the ISO(3, 1) gauge
theory of gravity can be written as

uj

=| (£, V+RV+Risos V- VF g £ LvoLor) atx
(3.1) "

=J (¢Z,V+RV+RsoayV+pL,V+p' L,V)d*x (4)

where £, =%,(y, ¥,) is the Lagrangian of the matter field ¢, V=
det(V.)=(—g)"? C=8xk (k is the Newtonian gravitational constant), p
and p’ are gauge gravitational constants, and

&, =—4F,F",  £p=-3Q.,0

From expression (4) we know that the Lagrangian of the theory is

L=CZ,+R+Ris0p1)+ £+ L,
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The arbitrary constant Rjso; 1 is nothing to gauge transformation on M;
it will act as the cosmological term (Chang and Massouri, 1978) in the
Lagrangian; we may choose R sos,1) as zero. Then the expression (4) can
be written as

S= J (cx,,,v+ Rv—g VE,,JF* —%VQ';,Q‘,:") d*x

=J‘ (CL.V+RV+pLV+p' ¥, V) d*x (5)

3. FIELD EQUATIONS OF PGTG

In the Poincaré GTG, the matter field ¢, the vierbein fields VL, and
the connection coefficients BY all are kinetic variables of variational prin-
ciple. For the Lagrangian £, if we apply the variational principle under
the variation of the matter field ¢, we obtain the Euler equation for the

matter field:
0F, 1 8L,
———3,| V- =0
ey Ve

For the action (5), applying the variational principle under the variation
of the fields V¥, we have

s =25 J (cg,,,v+ RV—%’VE %F""f;—% VQﬁ,Q;;”) d*x =0

(2

Since
18(%,V) . 8" .
Vv vt 'T“avr‘ZT“
1 8(RV) .
vV sve =26,

where T,, is the mass tensor in the natural frame, TL is the mass tensor in
the moving frame, and G|, = R}, —3V, R is the Einstein tensor in the moving
frame, expression (6) can be written as

88 = J (2CT,, +2G.)VaVt dx

— (’Z’a I VFM}F“"’;+%8 J' VQ’;,Q’,:”) dx=0 ™
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Calculations yield

—fa J VF, .F*d*=—p J VI3 te(F,, F*") Vi, =2 tr(F, . F**)Vi]8 V¥ d*x

(8)
—%SJ vQ,., Q" d4x=P'J VGV QL Q" — Q7 QL. Vo) 8VE d'x
9)
Using expressions (8) and (9) in (7), we get
RL—%V:LR'—‘—CTL—ptL-—p'TL (10)
where
t', = —tr(F,,F*") Vi + te(F\ F*) Vi, (11)
27, ==Q}" QL Vi +1Q/ QL. V., (12)

In this gauge theory we define f,, as the energy-momentum tensor of the
gauge potential BY, and 7,, as that of the gauge potential V.
Expression (10) represents a set of field equations of Poincaré GTG.
By varying the Lorentz connection coefficients Bi{, we can obtain
another set of field equations of the theory. The Euler equations are

ALnY) oy 3 EnV) ARY) _ 3(RV)

cE=m . 5,2
BBZ 03:{,,, BB:]L BB{,,’,,
AR AT C A% A(LLV)
tp el pp Rte )y ATel) AL 13
P~apT PP 4Ry, aB? " 4B, (13)

After extensive calculations we find

l{a(RV)_a a(RV)}
v éBY "sBY,

= Q- QuViVi—-QpVive
=K} (cotorsion) (14)
N CCATR A

v{ éB] V4B,
= F4,—BSFi ~BUF —{} JF ~{& }FF=F4, (15)

where | denotes the twofold covariant derivative in the natural and moving
frames; and

1[a(&LV (L,
_{ ( £ )_ . ( 2 }=_ u (16)
Vi #BY oB.,
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where
RV
L=(Vi = Vi +BL,-Bs)VIVIVE, 3, ( ,--)=0 (17)
- ’ ’ dB}
Let
14(%£,V)
_l= g 18
V 4B} v (18)

where S is the spin current of the matter field , and use expressions
(14)-(18) in (13); we then obtain the second set of field equations of Poincaré .
GTG:

CS%+ K%~ p'Qt=—pFit, (19)

y

Equation (19) relates the spin current, torsion, cotorsion, and change of
field strength; it represents a set of new equations introduced into gravity
with Poincaré GTG.

4. CONCLUSIONS

The field equations of Poincaré gravitational gauge theory consist of
the following set:

R,—3VL,R=-CT,—pt,—p'7, (10)
CSE+ K% —p'Ql=—pFht, (19)

1. If the space-time manifold M is a Riemann space (torsion-free),
then the gauge field equations become

R;.w _%gy,uR == CT;LV - pt;u/ (20)

CS§=~pF¥, (21)

Expressions (20) and (21) are field equations of PGTG in Riemannian
space-time.

2. If M is a Riemann space and we ignore the interaction with gravita-

tional gauge fields, the £, and £} vanish in the Lagrangian Z; then equation
(21) also vanishes and equation (20) degenerates to the Einstein equation:

R,,—38.,R=-CT,, (22)

3. If M is a Riemann-Cartan space and we ignore the terms £, and
¥, in the Lagrangian %, equations (10) and (19) become

Rp.u ‘—%g;‘.vR = _CT/J.V (23)
CSE+K%=0 (24)



ISO(3, 1) Gauge Theory of Gravity 353

Evidently the Einstein equations are special versions of the field
equations of Poincaré GTG for no gauge and no torsion. Equations (23)
and (24) are the field equations obtained from Poincaré GTG for torsion
but no gauge. The theory using equations (23) and (24) can provide a
generalized Einstein~Cartan theory for gravity.

4. If the group ISO(3, 1) degenerates into its subgroup SO(3, 1), the
generators Py vanish and the principal fiber bundle established in Section
1 becomes the Lorentz frame bundle:

P(M, SO(3,1))= U {e}w forall xeM.
xeM
In this case the theory obtained is the Lorentz gauge theory of gravity
(Massouri and Chang, 1976); the Lagrangian is

$= Cgm + R + Rso(3,l)+$g

and the field equations are

R, —-3V,R=-CT, —1, (25)
CS;+ Ky =—~F}j, (26)
5. In the natural frame the set of equations (10) and (19) becomes
R, ~38,R=-CT,, ~pt,,—p'7, (27)
CSuat K —p'Qu=—pF.3), (28)

6. Equation (27) shows that the gravitational metric “potential” g,
can still be regarded as the fundamental physical quantity in the gauge
theory, even though the gravitational metric potentials obtained with PGTG
and GR are different from each other.

Because the energy-momentum tensor tL is constructed from the square
of the curvature and 7;, from the square of the torsion, the influence of the
terms —pt,, and —p'7), in equation (10) is small compared with the effect
of the mass tensor 1,,; still, the emergence of the terms pt}, and —p’7), in
equation (10) is a new result introduced into gravity from PGTG.

Equation (19) represents a set of new gravitational field equations,
establishing the relationship of matter spin, space-time torsion, and change
of space-time curvature. These relations may have significance for the
development of gravity theory.
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